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1
Abstrat
In this work we onsider periodi spherially symmetri metris of
onstant positive salar urvature on the n-dimensional ylinder alled
pseudo-ylindri metris. These metris belong to the onformal lass
[g0] of the Riemannian produt S
1×Sn−1 : a irle of length T rossed
with the (n-1)-dimensional standard sphere.
Suh metris have a harmoni Riemannian urvature and a non paral-
lel Rii tensor, exept for the ylindri one. Thus, it appears a natural
link between them and the Derdzinski metris whih are warped prod-
ut and lassify a family of Riemannian manifolds. These two families
atually dier by onformal transformations. Moreover, we are inter-
ested in the multipliity problem of the pseudo-ylindri metris in [g0].
We also study the existene problem and the number of the Derdzinski
metris.
Furthermore, we prove that the pseudo-ylindri metris may be ex-
pressed in terms of ellipti funtions for the dimension n = 3, 4 and 6
only, and in terms of automorphi funtions for any other dimension.
This fat allows us to give new bounds for global estimates.
Finally, we examine the urvature of the asymptoti pseudo-ylindri
metris whih are omplete singular Yamabe metris on the standard
sphere puntured of k points. We show that any of suh (non trivial)
metri has a non parallel Rii tensor.
Mathematial Subjets Classiation : 53C21, 53C25, 58G30.
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1 Introdution and statements of results
Let us onsider a smooth ompat Riemannian manifold (M, g) of dimension
n ≥ 3 , where g is a smooth Riemannian metri on M. dv denotes the
volume form of g, and R(x) its salar urvature. H12(M, g) is the Sobolev
spae.
For any non null funtion u ∈ H12(M, g), we dene the funtional
J(u) =
4n−1
n−2
∫
M |∇u|2 dv +
∫
M R(x)u
2dv(∫
M u
2n
n−2dv
)n−2
n
. (1)
The ritial points of the funtional J(u) are solutions of the Euler-Lagrange
equation
4
n− 1
n− 2∆gu+R(x)u = k|u|
4
n−2u , (2)
where k is a real number.
There is a geometri interest only if we assume the solution u of (2)
to be C∞ positive. In this ase, the onformal metri g′ = u
4
n−2 g has
onstant salar urvature k if u is a ritial point of the funtional J(u)
and onversely. So, we know by resolution of the Yamabe onjeture for the
smooth ompat manifolds, the inmum of J(u) is always attained . A suh
metri with onstant salar urvature belonging to the onformal lass [g] is
alled Yamabe metri.
More preisely, let (Sn, g0) be the standard sphere, we may assert, [L-P℄ :
There exists a non zero funtion u0, positive, C
∞
on (M, g) suh that
J(u0) = Infu∈H2
1
(M)J(u) = µ(M, g).
Moreover, we have µ(M, g) < µ(Sn, g0), equality holds only if there exists
a onformal dieomorphism between the manifold (M, g) and the standard
sphere (Sn, g0).
It is also known that the Yamabe metri is unique up to homothety,
when (M, g) is suh that
∫
M R(x)dV ≤ 0 or when (M, g) is an Einstein
Manifold.
For the positive ase of the salar urvature (k > 0), it is possible to get
multiple Yamabe solutions for ertain onformally at produt Riemannian
manifolds.
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The multipliity problem of the Yamabe solutions have been intensively
studied during the last few years, in the more general ontext known as the
singular Yamabe problem with isolated singularities. The latter onsists to
nd a metri g = u
4
n−2 g0 on the domain S
n − Λk, where Λk is a nite
point-set of (Sn, g0). This metri being omplete and have a onstant salar
urvature R(g).
Conerning the speial ase k = 2, R. Shoen (see setion 2 of [S℄) has
partially desribed the onformal lass of the produt metri (S1×Sn−1, dt2+
dξ2), where S1 is the irle of length T and (Sn, g0) is the standard sphere.
He proved the existene and the number of their rotationally invariant
Yamabe metris
gjc = u
j
c
4
n−2 (dt2 + dξ2) ; j = 1, 2, ..., k − 1
alled pseudo-ylindri metris (sometime also alled by dierent authors
Delaunay metris or Fowler metris) whih depend on T-values. But, his
proof is not ompleted. The ompletion has not been yet published elsewhere
( unless our unpublished joint work with F. Weissler [Ch-W℄).
Now, it is well known that the number of these metris is nite in a onformal
lass for the produt [dt2 + dξ2].
We refer to the papers [S℄, [Ch3℄ or [Ch-W℄.
In partiular, we get a unique Yamabe metri if
T ≤ 2π
√
n− 1
R0
. (3)
This metri is cte(dt2 + dξ2).
One of our main results onerns geometri properties of the above met-
ris. That is any non trivial pseudo-ylindri metri have a Rii tensor
non parallel and so, its Riemannian urvature is harmoni (see Theorem (4-
3)below and [Ch3℄). A tensor of order two τ = (τij) is said to be nonparallel
if the ovariant dierentiation of τ along (M, g) has a nonzero omponent.
Observe that all these metris -sharing the above urvature properties-
have been lassied by A. Derdzinski. Indeed, these metris are overed by
a warped produt metris : dt2 + f 2(t)dξ2 up to an isometry, where f(t)
satisfy a ertain ODE. Moreover, we show by using a Yau result (Lemma (4-
5) below), that any pseudo-ylindri metri may atually be identied with
a Derdzinski metri, up to a onformal dieomorphism. This identiation
may be written
dt2 + f 2(t)dξ2 = F ∗(ujc
4
n−2 (dt2 + dξ2)),
5
where F is a onformal dieomorphism.
Remark that the metris originally ontruted by A. Derdzinski, permit to
provide example of ompat Riemannian manifold with harmoni urvature
and non-parallel Rii tensor. We know that these metris are depending
on the S1- parametrization T (thus, there are obviously not onformally
equivalent) .
Nevertheless, the pseudo-ylindri metris belong to the same onformal
lass whih is parametrized by T . Hene, they are onformally equivalent
to the ylindri metri. That is not the same for the Derdzinski metris.
For this reason, from the multipliity point of view of the Yamabe solutions,
the pseudo-ylindri metris are more interesting. This fat will be laried
below.
This paper is organized as follows :
1 -We ahieve in Setion 2, the ompleted proof (not yet published some-
where) onerning the existene and the nite number of the pseudo-ylindri
metris in a onformal lass.
2 - In setion 3, we onsider the link between the multipliity of Yamabe
problem and the best onstant of sobolev. In partiular, we put right and
improve a theorem of T. Aubin.
3 - In Setion 4, we examine the non parallelism properties of the Rii
urvature for the pseudo-ylindri metris.
4 - In the next Setion 5 we are interested on the existene of many
Derdzinski metris, satisfying ertain onditions. In partiular, we show the
existene of a nite number (depending on the irle length T ) of suh met-
ris.
This fat has not been remarked in the Part D of hapter 16 of A. Besse [Be℄.
His Theorem 16.38 only proved existene of non trivial Derdzinski metris
without preising the interonnetion between these metris and the irle
length.
In partiular, we exhibit a onstant T0 suh that, if we assume T ≤ T0 ,
then there is only one Derdzinski metri with parallel Rii tensor, i.e. the
trivial one (see Theorem (5-3) below).
5 - Furthermore, for the dimension values n = 3, 4, 6. the pseudo-ylindri
solution an be expressed in terms of a real periodi ellipti funtions. The
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interest of the latter remark is that an ellipti funtion has only polar singu-
larities. So, as a orollary (see also our previous work [Ch1℄), we dedue the
estimates for the orresponding pseudo-ylindri solutions (Theorem (6-1)
below):
r
n−2
2 u(r) ≤ C, and r n2 du(r)
dr
≤ C ′ .
This fat allows us to expliitly determine the bounds whih naturally de-
pend on the dimension value n and the period T .
This generalizes a result of Cafarelli-Gidas-Spruk [C-G-S℄ - Aording to
Pollak (Theorem (4-3) of [P℄ ), the rst inequality has been etablished by
R. Shoen - .
Moreover, we show for any dimension other than 3, 4 or 6, the pseudo-
ylindri solutions may be expressed in terms of automorphi funtions. So,
they are invariant under a substitution group.
6 - Finally in setion 7, we onsider the asymptoti pseudo-ylindri
metris. They are omplete Yamabe metris on Sn − Λk, where Λk =
{p1, p2, ..., pk} (here k > 2). In partiular, we show that for any non trivial
metris, its Rii tensor is also non parallel (Theorem (7-3) below).
All the proofs are exposed to the end, in Setion 8.
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2 Singular Yamabe problem and pseudo-ylindri
metris
2.1 The pseudo-ylindri metris
Let a nite point-set Λk = p1, p2, ..., pk of the standard sphere S
n
. R0 being
its salar urvature. onsider the following
Singular Yamabe problem:
There exists a metri g = u
4
n−2 g0 in the onformal lass [g0] on the domain
Sn − Λk, whih is omplete and has a onstant salar urvature R(g).
In others words, the following dierential equation
4
n− 1
n− 2∆g0u+Rg0u−Rgu
n+2
n−2 = 0, (4)
g = u
4
n−2 g0 is omplete on S
n − Λ , Rg = onstant > 0,
has a solution.
Let Lg = ∆g+ n−24(n−1)Rg denotes the onformal Laplaian of any Rie-
mannian manifold (M, g). Lg posseses a speial property:
Invariane property of the onformal Laplaian : Let (M, g) and (N, h)
two Riemannian manifolds, suh that there exists a onformal dieomorphism
f : M → N (that means if f is a dieomorphism, there is a funtion
v : M → IR+, suh that f ∗h = v 4n−2 g).
Thus, for any funtion ϕ : N → IR of lass C2, we have
Lh(ϕ) ◦ f = v
n+2
n−2Lg(vϕ ◦ f)
(ϕ = 1 and f = Id gives the Yamabe equation).
Consequently, we may dedue from the above, if v is any positive solution
of
Lg0v −
n− 2
4(n− 1)Kv
n+2
n−2 = 0, (5)
then K is preisely the salar urvature of the metri g = v
4
n−2 g0.
Moreover, ondition g omplete requires that limx→Λv(x) =∞.
The interest of the problem was underlined by Shoen; he rst proved the
existene of weak solutions of Yamabe problem on (Sn, g0), whih have a
8
presribed singular set Λk .
In partiular, this latter point allows us to prove the existene of metris g
onformally equivalent to g0 , whih have positive onstant salar urvature
and are omplete on Sn − Λk . We refer to [M-Pa℄ for more details about
the general problem, and for a simpler version of the Shoen result.
The set Λk may be replaed by F (Λk) = Λ
′
k , for any onformal trans-
formation. In partiular, we may suppose that the points pi sum to zero,
onsidered as vetors in the eulidian spae and then Λk is ontained in an
equatorial subsphere Sk ⊂ Sn. By using a reetion argument, one proves
there is no omplete (positive regular) solution existing for the value k = 1 .
One remarks a similarity between this singular Yamabe problem and the the-
ory of embedded, omplete, onstant mean urvature surfaes with k ends
in IR3 .
For the ase k = 2 , a family of suh surfaes was disovered by C. Delau-
nay. For this reason, it was alled "Delaunay metris" the analogous family
of solutions for the orresponding singular Yamabe problem. Some authors
also alled them "Fowler metris" in relation with radial solutions of Emden-
Fowler equations.
It is known the moduli spae MΛ , whih is the set of all smooth positive
funtions u to the problem
4
n− 1
n− 2∆g0u+R(g0)u− R(g)u
n+2
n−2 = 0 (6)
g = u
4
n−2 g0 is omplete on S
n − Λ , R(g) = onstant > 0.
This spae is, in general a k -dimensional real analyti manifold, see
[M-P-U℄. In the general ase where Λ = Sp (the p-subsphere where 1 ≤
p ≤ n−2
2
), these solutions belong to an innite dimensional spae. F. Pa-
ard [Pa℄ has shown the existene of a positive omplete solution in the ase
p = n−2
2
. Nevertheless, the moduli spae is only expliitly determined if
dimΛ = 0, i.e. Λ = Λk.
In the ase k = 2, we remark that the spae MΛ may be identied with
any other, when Λ ontains just two elements. This spae, denoted by M2
whih ontains all the pseudo-ylindri metris, may be identied with the
open set Ω ∈ IR2 . The frontier of Ω is the homolini urve γb0 ,
whih will be desribed below.
Sine this problem is onformally invariant, we may hoose the set Λ2 =
(p,−p) ; −p is the antipodal point of p .
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Let Π : Sn − {pt} → IRn the stereographi projetion. We know that
the onverse Π−1 dened by
Π−1(x) = [
2x
|x|2 + 2 ,
|x|2 − 1
|x|2 + 1]
is a onformal dieomorphism, and we have (Π−1)⋆(g0) = 4(|x|2+1)2dx
2
, where
dx2 is the eulidean metri of IRn.
Thus, the resolution of (4) is equivalent to the resolution of
∆u+
n(n− 2)
4
u
n+2
n−2 = 0 (7)
on IRn − Λ˜k, where Λ˜k = Π(Λk). Moreover, u have to verify
limx→Λ˜ku(x) =∞.
2.2 Existene of metris with two singular points
Examine now the ase k = 2. In this ase, it will be possible to desrive all the
Yamabe metris. It is known that if u is a solution on Sn−{p1, p2}, then it
is invariant with respet to any onformal transformation xing these points.
If these points are antipodal (as we may assume) then u is rotationally
invariant. It is then onvenient to projet the sphere Sn to IRn, from one
of the singular point, p1, so that p2 sent to 0 ∈ IRn.
In this ase, we have hoosen Λ˜k = (0,∞).
On the other hand, Cafarelli, Gidas and Spruk [C-G-S℄ proved that all
solutions of (7) on IRn − Λ˜ are radial. We then dene the hange
u(x) = |x| 2−n2 v(log 1|x|).
In fat, this hange orresponds to the onformal dieomorphism
β : IRn − {0} → IR× Sn−1
where β(x) = (log 1|x| ,
x
|x|).
Consequently, v : IR→ IR+ is a solution of the autonomous ODE
d2
dt2
v − (n− 2)
2
4
v +
n(n− 2)
4
v
n+2
n−2 = 0 (8)
The analysis of (8) show us, there is only one enter say (α, 0) orresponding
to the onstant solution α = (n−2
n
)
n−2
2
. All the periodi orbits denoted by
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γc(t), are parametrized by (vc(t),
d
dt
vc(t)), c verifying 0 < c < c0. They
are surrounded by the homolini orbit γc0. Here vc0(t) = (cosh t)
n−2
2
. The
period is also depending on c : T = T (c).
The metris
g = vc
4
n−2 (dt2 + dξ2)
are alled pseudo-ylindri type metris. They are dened on the produt
manifold (S1 × Sn−1, dt2 + dξ2) a irle of length T rossed with the
standard (n-1)-dimensional sphere. They belong to the onformal lass of
the ylindri metri [dt2 + dξ2].
2.3 Multipliity of the pseudo-ylindri metris
R. Shoen [S℄ gave a desription of the family of metris with onstant salar
urvature in the onformal lass of the produt metri g0 = dt
2 + dξ2 on
S1(T )× Sn−1 the produt Riemannian manifold of a irle of length T and
the eulidian (n-1)-sphere of radius 1.
Many other authors tried to desrive the onformal lass [g0], in order to
omplete the Shoen analysis onerning this problem, (see page 134 setion
2 of [S℄), In partiular, we refer to [Ch1℄, and for a more geometrial inter-
pretation we refer to [M-Pa℄.
The following result resume all the known properties of the pseudo-ylindri
metris, see [S℄, [Ch2℄, [M-Pa℄ and [Ch-W℄
Theorem (2-4)
Let be (S1(T )× Sn−1, g0 = dt2 + dξ2) the produt Riemannian manifold of
a irle of length T and the eulidian (n-1)-sphere of radius 1. If the value
of T satises the ondition
Tk−1 =
2π(k − 1)√
n− 2 < T ≤ Tk =
2πk√
n− 2 , (9)
where the integer k ≥ 1.
Then, there exist, in the onformal lass [g0] k rotationally invariant pseudo-
ylindri metris
gjc = (u
j
c)
4
n−2 (dt2 + dξ2) , j = 0, 1, 2, .., k − 1 with g0c = g0.
k = 1 only orresponds to the trivial produt metri Cte(dt2 + dξ2).
11
3 Remarks on the multipliity of the Yamabe
solutions
3.1 Yamabe metris on manifolds
Reall that for the standard sphere (Sn, g0) , we only get a trivial result: all
Yamabe solutions are minimal for the funtional J(u) and their setional
urvature turn to be onstant. There atually exists a onformal dieomor-
phism between the manifolds (Sn, u
4
n−2 g0) and (S
n, g0) . In fat, all the
metris are obtained by pulling bak the anonial one, by a natural family
of onformal transformations.
Among these metris, we have an expliit one parameter family of metris
(of onstant salar urvature R )
gt = (
√
1 + t2 + t cosαx)−2g0 with α =
√
R
n(n− 1) . (10)
We an verify that all the funtions ut(x) = (
√
1 + t2+ t cosαx)−
n−2
2
are
solutions of the Yamabe equation (2) for R ≡ k. These funtions are mini-
mizing for the funtional, i.e. J(ut) = µ(S
n, g0).
Moreover, onsider a Riemannian manifold (M, g) with onstant salar
urvature R whih in addition admits a onformal isometri vetor eld X .
Then,
R
n−1 belongs to the spetre of the Laplae operator ∆g . By pulling
bak g by the ow of X we get a one parameter family of metris whih
are onformal to g and have the same salar urvature R .
3.2 The degenerate ase
T = Tk orresponds to the degenerate ase whih has previously been on-
sidered. The produt metris in general are not Morse ritial points. Notie
that the Morse index of the solution g = u
4
n−2 g0 is equal to the number
of eigenvalues of the Laplae operator ∆g in [0, n] . The assumption
that the solution is not degenerate implies that the strit inequality λ1 > n
holds. Aording to Lihnerowiz, we get λ1 ≥ n, whenever the metri g
is Yamabe solution.
More generally, Shoen proves that, if all Yamabe solutions are non degen-
erate in a onformal lass [g0] of a Riemannian ompat manifold (M, g0)
then the funtional has only a nite number of Morse ritial points. Thus,
for a generi onformal lass of metris this hypothesis on g0 is true, and
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[g0] ontains at most a nite number of (non degenerate) Yamabe metris.
Moreover, the set of the Yamabe metris with nite energy is ompat.
3.3 Stability of the solutions and other multipliity ase
(i) Consider the stability problem of the pseudo-ylindri metris gjc =
(ujc)
4
n−2 g0 , we want to preise that among the k metris given by the above
theorem, only the solution uT with fundamental period T is stable. Notie
that the limiting period is the fundamental period of the assoiated linearized
equation of
d2
dt2
u+ (n− 2)u.
The other (k−1) solutions whih have fundamental period T
j
with j =
2, ..., k − 1 , are unstable.
By rossing the point (T1, uT1(t)) , there is an exhange of stability between
the two urves of solutions. The trivial one beomes unstable after rossing
this bifuration point. Therefore, if we suppose T > T1 the trivial solution
u ≡ α does not minimize the Yamabe funtional
J(u) =
4n−1
n−2
∫
M |∇u|2 dv +
∫
M R(x)u
2dv(∫
M u
2n
n−2dv
)n−2
n
.
In fat, the inmum is attained by the solution uT having the fundamental
period T .
If we get T ≤ T1 , the (unique) solution u ≡ α minimizes the funtional.
To see that, it is enough to alulate its value.
Indeed, let V denotes the Riemannian volume of (S1(T )×Sn−1, g0), we
get
J(u ≡ α) = (n− 1)(n− 2)
(∫
dv
) 2
n
where
α = (
n− 2
n
)
n−2
4 and
( ∫
dv
)
= Tvol(Sn−1, dξ2) .
If we suppose
T ≤ 2π√
n− 2 ,
obviously, we get
J(u ≡ α) < n(n− 1)[vol(Sn)] 2n .
Furthermore, notie that only the non trivial solution uT tends to u0(t) =
(cosht)−
n−2
2
, when T beomes ∞ . The minimum of the Yamabe fun-
tional µT has to tend to µ(S
n, g0) = n(n − 1)[vol(Sn)]2/n, when T tends
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to ∞ .
(ii) The multipliity of the Yamabe problem may our for other lo-
ally onformally at manifolds. Consider the real projetive spae: among
the pseudo-ylindri metris g = u
4
n−2 g0, we examine those satisfying the
ondition u(t, ξ) = u(−t,−ξ); any suh solution is independent of ξ .
Thus we obtain solutions to the Yamabe problem on the puntured real pro-
jetive spae RP n − {p} by identifying any solution on this spae with a
solution on Sn − {p,−p}, invariant under the antipodale reetion.
3.4 The best onstant of Sobolev and Aubin theorem
There is another problem related on the multipliity problem of Yamabe
solutions: to determine the best onstant of the Sobolev inlusions. Aubin
[A1℄ has shown that for a positive number A ≥ K2(n, 2) = 4ω
− 2
n
n
n(n− 2) on the
ompat Riemannian manifold (M, g) of dimension n > 2, where ωn
denotes the volume of the standard sphere, there exists a onstant B suh
that, for all u ∈ H21 (M, g) , we have the following Sobolev inequality
‖u‖2
L
2n
n−2
≤ A‖∇u‖2L2 +B‖u‖2L2 . (11)
The existene of the seond onstant B seems play a role in the Yamabe mul-
tipliity problem and in the Nirenberg problem. Hebey-Vaugon [H-V℄ have
alulated the best little onstant B denoted by C(M, g). For this onstant
preisely, the inequality (11) is veried by any funtion u ∈ H21 (M, g), on
the quotient manifold of the standard sphere Sn/G, where G is a yli
group of isometries on the sphere.
Moreover, one has estimated the best onstant for a onformally at mani-
folds S1×Sn−1 endowed with a Riemannian metri produt. More preisely,
they nd
C(S1(T )× Sn−1) ≤ 4ω
− 2
n
n
n(n− 2)T
−2 +
n− 2
n
ω
− 2
n
n
where T is the irle radius.
Conerning the rst onstant A . Notie that A may attain the value
K2(n, 2) if the manifold (M, g) has onstant setional urvature.
Aording to impliit funtion theorem, the Yamabe equation (4) is not lo-
ally invertible on (S1(T )× Sn−1) near the trivial solution u ≡ α , and
λ = (
2π
T
)2 = n− 2
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is an eigenvalue, whih yet verify the inequality
λ < n
(
ωn∫
dv
) 2
n
.
Obviously, the onstant K2(n, 2) is not attained, and there exists u ∈
H21 (M, g) suh that
‖u‖2
L
2n
n−2
> K2(n, 2)
(
‖∇u‖2L2 +
(n− 2)2
4
‖u‖2L2
)
,
sine we have µ(S1(T )× Sn−1) < µ(Sn, g0) = K−2(n, 2)
Thus, we have proved the following.
Proposition (3-3)
Consider Vn a Riemannian ompat manifold (n ≥ 3), and the equation on
Vn
∆φ+ kφ = k(1 + f)φ
n+2
n−2 .
If, for k = k0 this equation is not loally invertible on φ0 = 1, then λ =
4k0
n−2
is an eigenvalue of the Laplae operator.
Moreover, if the eigenvalue verify λ ≥ n
(
ωn∫
dv
) 2
n
, then the Yamabe prob-
lem have at least two solutions. Otherwise, Vn is onformal to the standard
sphere.
This proposition puts right and ompletes Theorem 11 of Aubin [A1℄,
in inluding metris like as the pseudo-ylindri metris (with respet to
notations of [A1℄)
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4 Curvature properties
4.1 The Derdzinski metris and the harmoni urvature
Let us onsider a ompat Riemannian manifold (M, g) , R is the urva-
ture assoiated to the metri g , r = Ric(g) is its Rii tensor, and D
is the Riemannian onnexion. We denote by δR its formal divergene. This
urvature is harmoni if δR = 0. Aording to the seond Bianhi identity
δR = −d(Ric(g));
we an express it in loal oordinates DkRij = DiRkj . In this ase, Ric(g)
is a Codazzi tensor . In partiular, any Riemannian manifold with Rii
parallel tensor Dr = 0 (i.e. DiRkj = 0 ) has an harmoni urvature.
Indeed, the Levi-Civita onnexion D is a Yang-Mills onnexion on the
tangent bundle of M . In this way, the onnexion D is a ritial point of
the Yang-Mills funtional
YM(∇) = 1
2
∫
M
||R∇||dv,
where R∇ is the urvature assoiated to the onnexion ∇ . Notie that
the Riemannian urvature must be harmoni for all Einstein manifolds and
for all onformally at manifolds with onstant salar urvature; this result
an be dedued from the orthogonal deomposition of the urvature tensor.
Moreover, the ondition of the urvature harmoniity is, in a way , a general-
isation of the Einstein ondition of the metri ( Ric(g) is a onstant multiple
of g : Ric(g)− R
n
g = 0 ). In partiular, this fat shows that every Einstein
metri must have a parallel Rii tensor Dr = 0. In general, the latter
property fails for a onformally at metri with onstant salar urvature, as
we shall see below. However, in the 3-dimensional ase, we get an identity
between harmoni urvature metris and onformally at metris with on-
stant salar urvature.
Bourguignon proved the onverse for the ompat manifold of dimension 4
and non vanishing signature. But the signature assumption is neessary, as
has been shown by Derdzinski [De℄. Moreover, Bourguignon has asked about
the existene of ompat metri with harmoni urvature and non parallel
Rii urvature, as it was wellknown in the non ompat ase.
Derdzinski has given examples of metris with harmoni urvature but non
parallel Rii tensor Dr 6= 0 , [De℄. The orresponding manifolds are bun-
dles with bres N over the irle S1 (parametrized by ar length t )
with allowed warped metris dt2 + h4/n(t)g0 on the produt S
1 ×N .
Here, (N, g0) is an Einstein manifold of dimension n ≥ 3, and the funtion
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h(t) on the prime fator is a periodi solution of the ODE, established by
Derdzinski
h′′ − nR
4(n− 1)h
1−4/n = −n
4
Ch for some onstant C > 0. (12)
This funtion must be non onstant, otherwise the orresponding metri
has a parallel Rii tensor.
Notie that the manifolds S1×N are not onformally at, unless (N, g0) has
onstant setional urvature. Berger has shown that, under the hypothesis,
of non negative setional urvature on a ompat Riemannian manifold with
harmoni urvature, the Rii tensor is parallel .
J. Lafontaine proved that the onneted sum Y = #Xi have the same
properties, where Xi are manifolds with negative onstant salar urvature.
We may nd many other examples of suh manifolds in the hapter 16 of A.
Besse [B℄.
4.2 Curvature property of the pseudo-ylindri metris
More generally, Derdzinski established a lassiation of the ompat n-
dimensional Riemannian manifolds (Mn, g), n ≥ 3, with harmoni ur-
vature. If the Rii tensor Ric(g) is not parallel and has less than three
distint eigenvalues at eah point, then (M, g) is overed isometrially by a
manifold
(S1(T )×N, dt2 + h4/n(t)g0),
where the non onstant positive periodi solutions h verify the equation
(11). Here (N, g0) is a (n-1)- dimensional Einstein manifold with positive
(onstant) salar urvature.
We get the following result, whih gives another metri sharing this urvature
property. See [Ch2℄.
Theorem (4-3)
Consider the produt manifold (S1(T )× Sn−1, g0) . Under the ondition
T (c) ≥ T1 = 2π√
n− 2 ,
on the irle length, the Riemannian urvatures of the assoiate pseudo-
ylindri metris gc = uc
4
n−2 g0 are harmoni and their Rii tensors are
non parallel.
Moreover, any pseudo-ylindri metri may be identied to a Derdzinski met-
ri up to a onformal transformation.
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Return now to the Derdzinski metris desrived above. We remark that,
in the loally onformally at ase of this produt, the fator N may be
identied with the standard sphere Sn−1 . Hene, these metris must be
onformally at and will be onformal to the ylindri metri, as S.T. Yau
[Y℄ has shown
Lemma (4-4)
Any warped metri dt2 + f 2(t)g0 on the produt Riemannian manifold
(S1(T )× Sn−1, dt2 + g0) must be onformally at and onformal to a Rie-
mannian metri produt dθ2 + dξ2 where θ is a S1-parametrisation with
length
∫
S1
dt
f(t)
.
Thus, any Derdzinski metri may be identied with a pseudo-ylindri
metri up to onformal dieomorphism, let F . Then the metris are relied
dt2 + f 2(t)dξ2 = F ∗(ujc
4
n−2 (dt2 + dξ2)),
where ujc are the pseudo-ylindri solutions belonging to the (same) on-
formal lass.
Indeed, for the metri dt2 + f 2(t)dξ2 we an write
dt2 + f 2(t)dξ2 = f 2(t)[(
dt
f
)2 + dξ2].
After a hange of variables and by using the onformal atness of the produt
metri, we get
dt2 + f 2(t)g0 = φ
2(θ)[dθ2 + dξ2]
whih is onformally at.
This result is not surprising, beause any manifold arying a warped metri
produt (S1×N, dt2 + h4/n(t)g0) with harmoni urvature is not onfor-
mally at unless (N, g0) is a spae of onstant urvature. This manifold
must be loally onformally equivalent to the trivial produt S1 ×N.
This produt will be onformally at only if N has onstant setional ur-
vature.
4.3 Remark onerning the parallelism of the Rii ten-
sor
Parallelism property of the Rii tensor have an interest partiularly for the
onformally atness ase. Indeed, onsider any Riemannian manifold (M, g)
with a parallel Rii tensor. This implies in partiular, that its Weyl tensor
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is harmoni: δW = 0 (in loal oordonates DkW
h
ijk = 0). For a metri
g˜ in the onformal lass and with harmoni Weyl tensor [g] : g˜ = e2ρg, we
get the following equality
δ˜W˜ = δW − 1
2
(n− 3)W (∇ρ, ., ., .).
Sine, the orresponding Rii tensor is parallel, we then obtain in loal
oordonates
(n− 3)W lijkDlρ = 0.
Thus, when (M, g) is not onformally at, then ρ = 0 neessarily (see
"The Rii alulus" of Shouten).
19
5 On the existene of Derdzinski metris
5.1 Analysis of the Derdzinski equation
The above identiation of the two family of metris must reveal a similarity
between the equations (8) and (12), sine they have been the starting point
of our study. Indeed, by onsidering another time the ODE point of view,
we are able to analyse all the solutions of equation (12), like as we have
made in the preeding setion 2. Reall that they orrespond to metris with
Dr 6= 0.
So, this equation may have a non onstant, positive periodi solution.
To that end, we make a hange of variables h(t) = αf(βt) , where
α = (
(n− 1)C
nR
)−n/4 and β =
√
nC
4
.
Note that the onstant C must be positive to ensure that the equation (12)
to have a periodi non onstant solution. This hange gives the equation
f ′′ − f 1−4/n + f = 0. (13)
We an verify that this equation satises the lemmas (2-6) and (2-7) given
below in the last setion. They will be used to omplete the analysis of the
equation (8).
Indeed, we get the funtions
g(f) = f − f 1− 4n ; g′(f) = 1− (1− 4
n
)f−
4
n
and g′′(f) = 4
n
(1− 4
n
)f−1−
4
n
.
Notie that the hypothesis g′′(f) ≥ 0 is only satised in dimension n ≥ 4.
Then, we alulate
∆(f) = (f − 1)[g′′(1)g′(f)− g′(1)g′′(f)].
We get
∆(f) = (f − 1) 4
n
(1− 4
n
)[1− f 4n + 4
n
(f−
4
n − f−1− 4n )].
It follows
∆(f) =
4
n
(1− 4
n
)f(1− f−1)[1− f 4n + 4
n
f−
4
n (1− f−1)],
whih is positive.
Hene, we dedue the inrease of the period funtion depending on the energy
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of the equation (12). So, this fat allows us to determine the exat number
of these Derdzinski metris. We rst remark, that the bifuration points of
the solution family are
(Tk, uk) , where uk = (
(n− 1)C
nR
)−n/4 and Tk =
2π√
C
.
5.2 Existene onditions of the Derdzinski metris
It appears from the above analysis that, a non onstant, periodi solution
of the equation (12) exists only if the irle length satises the following
ondition
T ≥ 2π√
C
. (14)
Notie that, we get an innity of solutions . All are obtained by rotation-
translation of the variable.
Moreover, in the ase where T satises the double inequality
2π
(k − 1)√
C
≤ T < 2π k√
C
k is an integer > 1, (15)
then the equation (8) may admit k rotationnally invariant distint solutions.
Hene, we have improved the lemma 1 of Derdzinski [De℄ (see also Chapter
16 of A. Besse [Be℄)
Theorem (5-3)
Consider the warped produt (S1(T )×N, dt2+h4/n(t)g0) . The non on-
stant positive periodi solution h(t) satises the equation (12) and (N, g0)
is a (n-1)-dimensional Einstein manifold with positive (onstant) salar ur-
vature R . Then, if the irle length T satises the following inequalities
2π
(k − 1)√
C
≤ T < 2π k√
C
, where k is an integer > 1,
there exist at least k rotationnally invariant warped metris
dt2 + h4/n(t)g0 on the produt manifold S
1(T )×N.
Moreover, these metris have an harmoni urvature. Their Rii tensor are
non parallel only if T ≥ 2π√
C
.
Conversely, if the warped metri of the type dt2+h4/n(t)g0 on the manifold
S1(T ) × N has harmoni urvature, then the funtion h(t) on the irle
satises an ODE (12).
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The ondition T ≥ 2π√
C
, implies the existene of a non onstant solution
h(t) . Otherwise, we have seen above that a trivial produt have a parallel
Rii tensor.
On the other hand, we remark that any warped metri dt2 + h4/n(t)g0
dened by the lemma (4-4) on the produt manifold (S1 × Sn−1, dt2 + dξ2)
is onformal to a Riemannian metri produt dθ2 + dξ2. Here θ is a new
S1-parametrisation with length
∫
S1
dt
h2/n(t)
.
Furthermore, we have seen in a previous paper [Ch1℄, there exists a analyti
deformation in the onformal lass [gT ] , of any warped metri gT = dt
2 +
f 2(t)dξ2 on the manifold (S1×Sn−1, dt2+dξ2), n = 4 or 6 , and satisfying
the length ondition
T =
∫
S1
dt
f(t)
.
Notie that the produt metri (under the length ondition) belongs to the
onformal lass [gT ]. This analyti family of metris depends on two param-
eters (gα,β) . They all have a onstant positive salar urvature, and satisfy
the ondition: gα,0 is the warped metri gT .
Moreover, by using the same argument of [Ch℄, we are able to extend the
latter result to dimension 3. More preisely, a metri on the eulidean spae
IR3 for whih the rotation group SO(3) ats by isometries, is in fat a
warped produt as gT = dt
2 + f 2(t)dξ2 , where dξ2 is the standard metri
on the sphere S2 . We an verify that its salar urvature is
R =
2− 2f ′2 − 4ff ′′
f 2
.
This fat and the onnetion with the dimension n will be laried below,
in the next setion.
Moreover, we know that every onformally at manifold (M, g) admits
a Codazzi tensor whih is not a onstant multiple of the metri. Let b a
suh symmetri 2-tensor eld; suppose b has exatly 2 distint eigenvalues
λ , µ , has onstant trae trg(b) = c and is non parallel. Following [De℄,
these onditions give loally
M = I ×N with allowed metri g = dt2 + e2ψgN (16)
and
b = λdt2 + µe2ψgN , λ =
c
n
+ (1− n)ce−nψ, µ = c
n
+ ce−nψ . (17)
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Conversely, for any suh data and for an arbitrary funtion ψ on I
(16) denes a Riemannian manifold (M, g) with Codazzi tensor b of this
type. If we assume that the positive funtion h = e
n
2
ψ
satises Equation
(12)
h′′ − nR
4(n− 1)h
1−4/n = −n
4
Ch for some onstant C > 0,
then the Rii tensor is preisely a Codazzi tensor and, thus it is non parallel.
Therefore, (M, g) is isometrially overed by (R × N, dt2 + h4/n(t)gN)
where (N, gN) is an Einstein manifold with positive salar urvature.
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6 Singular points of the pseudo-ylindri met-
ris: a global estimate
6.1 A bound for the pseudo-ylindri fontions
In this part, we examine another point of view oming from the expliit
expression of these metris gjc = u
j
c
4
n−2g0 . We an sometimes solve
expliitly the Yamabe equation. In partiular, when it is redued to the
equation (8) onsidered above.
Our approah has not only a alulation interest. However, the diret resolu-
tion is very instrutive. In partiular, it gives the nature of the singularities
of the solutions , whih seems to depend on the dimension value n.
More preisely, for the dimensional ases n = 3, 4 and 6 , we are able [Ch1℄
to resolve the equation (8) by using the ellipti funtions. Notie that an
ellipti funtion is a double periodi meromorphi funtion, having the same
number of poles and zeros in a parallelogramme of periods. For these di-
mensions, the pseudo-ylindri funtions ujc whih have (neessarely) a real
period T , turn out to be meromorphi, and have only polar singularities.
Moreover, T is preisely the period of the integral urve of Equation (8),
whih is an ellipti urve (see Whittaker-Watson [W-W℄).
We reall that any solution must have a singular point; it beomes innite on
approah of a point p ∈ Λ . Furthermore, this solution (whih is positive),
must have two singular points in 0 and ∞ , as has been shown by Cafarelli-
Gidas-Spruk [C-G-S℄. They have given an estimates near a singular point
p ∈ Λ , that is for r near 0, u satises
C−1 r
2−n
2 ≤ u(r) ≤ C r 2−n2
for some onstant C , whih depends only on n. In others words the metris
gjc = (u
j
c)
4
n−2 g0 must be ylindrially bounded near p ∈ Λ.
R. Shoen have extended this estimate to the whole manifold Sn − Λk,
(Theorem (4-3) of [P℄). In the sense, these metris globally are ylindrially
bounded. His proof onsider two important remarks. Firstly, by a sequene
of dilated oordonates zi = λiy, the orrespondant solutions vi(y) are uni-
formly bounded on a large ball in IRn. Seondly, the Harnak inequality
ensures the existene of a positive uniform bound for vi in any ompat set.
By another method, in using properties of some lassial properties of ellip-
ti funtions, we nd again the Shoen result for k = 2, and give another
estimate onerning the derivative. We obtain the following result, [Ch1℄.
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Theorem (6-1)
Consider the pseudo-ylindri metris gjc = (u
j
c)
4
n−2g0 on the produt Rie-
mannian manifold (S1 × Sn−1, dt2 + dξ2). For the dimensional values n =
3, 4 and 6 only, the orresponding pseudo-ylindri fontion ujc, may be ex-
pressed in terms of ellipti (meromorphi) funtions.
For these dimensions , we get the estimates
r
n−2
2 u(r) ≤ Cn(T ) and r n2 du(r)
dr
≤ C ′n(T ),
where the onstants C and C ′ depend on the period T .
For the other dimensions, the orresponding pseudo-ylindri fontion ujc,
may be expressed in terms of automorphi funtions.
6.2 General remarks
(i) Consider a pseudo-ylindri metri gjc = (u
j
c)
4
n−2 g0 with j = 1, 2, .., k−
1 . By hanging the variable t into a new variable r(t) , dened by
dr
dt
= u
2
n−2 and r(0) = 0 ,
Mazzeo-Pollak-Uhlenbek [M-P-U℄ have given a more simple expression of
the period. Their method, whih is purely geometri, allows a quite expliit
solution of the equation (8). Notie that this new variable represents geodesi
distane along the ∇t integral urves. The funtion u(r) is still periodi,
and the period R(c) represents the length of the geodesi. For the dimension
n = 4, the solution an easily be expressed as inverse sinus funtion of the
ellipti Jaobi funtion onsidered above. Then, the new period beomes
R(c) ≡ π.
(ii) Now onsider the linear dierential equation
g∆f = Hess(f)− fRic(g) (E)
where Hess(f) denotes the seond ovariant derivative of f ,∆f =
trace[Hess(f)] and Ric(g) is the Rii urvature tensor. Sine this equation
is linear, f = 0 is the trivial solution. This equation was originally derived
from the linearization of the salar urvature equation. The salar urvature
is onsidered as a non-linear map R of the spae of C∞ riemannian met-
ris whose derivates are L2-integrable to the spae of C
∞
funtions on the
manifold M . This map is dierentiable and has derivative
dRg(φ) = d
dt
|t=0R(g + tφ) = −∆trφ + divdivφ− φ.Ric
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and the adjoint operator dR∗g of dRg with respet to the inner produt
is
dR∗g(f) = −g∆f +Hessf − fRic(g).
Thus dR∗g is not surjetive when dR∗g has a non-trivial kernel.
The equation (E) may have another (non-trivial) solution. Let (M, g)
be the produt manifold (S1× Sn−1, dt2+ dξ2) where (Sn−1, dξ2) is the
standard (n-1)-dimensional sphere with salar urvature R0 and (S1, dt2) is
the irle of length T parametrized by t. Under the additional geometri
ondition
T = 2π
√
n− 1
R0
, (18)
the equation have a non trivial solution on (M, g) .
This ondition orresponds preisely to the degenerate ase of the produt
metri, in the sense that the Yamabe solution is a degenerate ritial point of
the funtional J(u) . Moreover, this example (with other non trivial ones)
was used to give a ounter-example to the Fisher-Marsden onjeture.
Notie that this manifold is onformally at and has a parallel Rii tensor.
Proposition 6.5 in [M-P-U℄ asserts that, among the pseudo-ylindri met-
ris, only the ylindrial (trivial produt) one gives a non trivial solution to
Equation (E)
(E) g∆f = Hess(f)− fRic(g)
but under the additional length ondition T = Tk =
2πk√
n−2 .
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7 Curvature of the asymptoti pseudo-ylindri
metris
An interesting and natural question is to ask if any omplete Yamabe met-
ri on Sn − Λk where Λk = {p1, p2, ..., pk} k > 2 shares the same
urvature properties of the pseudo-ylindri metris. This problem is not
easy, sine we do not have enough indiations on these metris, exept their
asymptoti behaviour on approahing a point pl ∈ Λk.
7.1 Charaterization of metris with k singularities
To be more lear, we use a result of [C-G-S℄ onerning the estimate of
positive solutions u(t, ξ) , on the ylinder of the following equation
4
n− 1
n− 2∆g0u+R(g0)u−R(g)u
n+2
n−2 = 0, (19)
g = u
4
n−2 g0 complete on S
n − Λk and R(g) = constant > 0 .
By using a reetion argument, they atually assert that [C-G-S℄, any solu-
tion u(x) of equation (19), with a singularity at p , is asymptoti to one of
the pseudo-ylindri funtions near the point p . Following [P℄, we dedue
that any suh solution u(x) orresponds to a solution u(t, ξ) of equation
(8) on a domain of IR× Sn−1 .
Then, the orresponding pseudo-ylindri metri is unique.
Let g¯ = [u(t, ξ)]
4
n−2 g0 be a Yamabe metri onformal to the standard
metri and uj,lc(t) be the pseudo-ylindri solution at a point pl ∈ Λk. The
index j is orresponding to one solution having period T . Then, we obtain
the following as a orollary of a result of [C-G-S℄
Lemma (7-2)
As t→∞ we get the following estimate of the Yamabe solution on Sn−Λk
near the point pl
u(t, ξ) = uj,lc(t) + u
j,l
c(t)O(e−βt) ,
where uj,lc(t) is the orresponding pseudo-ylindri solution and β is a pos-
itive onstant
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In the other words, this solution u(t, ξ) , whih is asymptoti to a
pseudo-ylindri funtion ujc(t), around a singular point pl, an be writ-
ten as t→∞
u(t, ξ) = ujc(t) + e
−αtv(t, ξ), (20)
where α is a positive onstant, only depending on the ylindri bound and
v(t, ξ) is bounded. This fat was originally pointed out by [C-G-S℄. But
[P℄, [M-P-U℄ have made it more lear, by giving a preise estimate of the
deay rate α . It may be alulated in terms of spetral data of the operator
∆ǫ + n.
Indeed, approximate solutions for (19) whih are singular at the points
pl ∈ Λk may be onstruted by superposing translated and dilated of the
singular radial solutions. The k free parameters in the exat solution orre-
spond to the k dierent dilational parameters. This fat has been preisely
generalized by [M-Pa℄ in a more general ontext, to approximate solution
not only with isolated singularities, but also when Λ is a k-dimensional
submanifold (0 < k ≤ n−2
2
) .
So, the orresponding metris on Sn−Λk are omplete and asymptoti at
eah singular point to a (unique) pseudo-ylindri metri. Moreover, these
asymptoti metris are uniquely determined by the Dilational Pohozaev
invariant D(g, p) on any isolated singular point. [P℄ has alulated its exat
value
D(g, p) = 4n− 1
n− 2 ωn−1 [E(b) +
1
n
], (21)
where E(b) is the Hamiltonian energy etablished in (2-6). Thus, the Di-
lational Pohozaev invariant D(g, p) determines the Hamiltonian energies of
the model of the translated pseudo-ylindri solutions for the metri g at
eah point pl.
7.2 Rii tensor of the asymptoti pseudo-ylindri met-
ris
We get the following result
Theorem (7-3)
Any metri g¯ of positive onstant salar urvature whih is onformal
to the standard metri g0 on the manifold S
n − Λk , where Λk =
{p1, p2, ..., pk} k > 2, has a non parallel Rii tensor, exept for the stan-
dard one.
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Remark (7-4)
Near a singular point pl, l = 1, 2, ..., k, any Yamabe solutions on the manifold
Sn−Λk have another property related on the period Tl of the orresponding
pseudo-ylindri solutions. Consider its asymptoti expression, as t→∞,
u(t, ξ) = uj,lc(t) + e
−αtv(t, ξ).
Let Tl the (minimal) period of the orresponding pseudo-ylindri funtion
uj,lc(t). This funtion verify the equality
u(t+ Tl, ξ)− u(t, ξ) = e−αt[e−αTlv(t+ Tl, ξ)− v(t, ξ)].
Sine v(t, ξ) is bounded, then for any t > N we have
|u(t+ Tl, ξ)− u(t, ξ)| < ǫ.
29
8 Proofs
8.1 Proof of Theorem (2-4)
We rst remark there is a onformal dieomorphism between the manifolds
IRn−{0} and IR×Sn−1 given by sending the point x to (log|x|, x|x|).
By using the stereographi projetion, we see easily that the manifold IR×
Sn−1 (whih is the universal overing spae of S1 × Sn−1) is onformally
equivalent to Sn − {0,∞} .
Notie that the manifold Sn − (p,−p) with the standard indued metri,
an be onsidered as the warped produt
]0, π[×Sn−1 , with allowed metri dt2 + sin2 tdξ2
It has been shown by Cafarelli-Gidas-Spruk [C-G-S℄ ( using an Alexandrov
reetion argument), that any solution of (2-1) is in fat a spherially sym-
metri radial funtion (depending on geodesi distane from either p or −p
). Any solution of Equation (6) whih gives a omplete metri on the ylinder
ℜ× Sn−1 is of the form u(t, ξ) = u(t) , where t ∈ IR and ξ ∈ Sn−1.
The bakground metri on the ylinder is the produt g0 = dt
2 + dξ2. For
the onveniene, we assume the sphere radius equal to 1.
Therefore, the partial dierential equation is redued to an ODE.
The ylinder has salar urvature R(g0) = (n− 1)(n− 2) and R(u
4
n−2 g0) =
n(n− 1). Thus u = u(t) satises
d2
dt2
u− (n− 2)
2
4
u+
n(n− 2)
4
u
n+2
n−2 = 0. (22)
It follows that a pseudo-ylindri metri (onstant salar urvature metri)
on the produt (S1(T ) × Sn−1, g0) orresponds to a T-periodi positive
solution of (8) and onversely. The analysis of this equation shows us, that
it has only one enter (α, 0) . This orresponding to the (trivial) onstant
solution
α = (
n− 2
n
)
n−2
4 ,
and all periodi orbits γb(t) are surrounded by the homolini orbit γb0
. This orbit is parametrized by
(u0(t), v0(t)) where u0(t) = (cosht)
−n−2
2 .
We denote the oordinates of γb(t) by (ub(t), vb(t). When the value b
satises the ondition 1 < b < b0 , the orrespondant orbit is periodi (b0
orresponds to a periodi solution of null energy, as we shall see below the
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denition) .
One may easily remark that two positive T-periodi solutions of (8) having
the same energy are translated, and thus give rise to equivalent metris on
(S1(T )× Sn−1, g0).
Note that the metri orresponding to the onformal fator u0 : g =
u0
4
n−2 g0 is inomplete. Then, it is not a pseudo-ylindri metri; for this
reason the onstant b annot attain the ritial value b0 .
To prove Proposition (2-4), we need the following result
Lemma (2-5)
The solution family (T, uT (t)) of the ODE (2-4), (where T is the minimal
period) has bifuration points on the values (T, uT (t)) where Tk =
2πk√
n−2
and uTk ≡ α. In this family, there is a urve of non trivial solutions whih
bifurates to the right of the trivial one.
This lemma is a lassial result of global bifuration theory (Crandall-
Rabinowitz [C-R℄). Indeed, let us onsider a positive T-periodi solution: if
T 6= Tk , then the linearized assoiate equation is non-singular.
We may also dedue from bifuration theorem, applied to the simple eigen-
values problem, that there is an unique urve of non trivial solutions near
the point (Tk, α). In fat, this uniqueness is global. The trivial urve is
uT ≡ α .
Moreover, (
du
dT
)T=Tk is an eigenvalue of the linearized assoiate equation.
Aording to the global bifuration theory, we assert that the non trivial
urves turn o on the right of the singular solution (Tk, uTk(t)) . Conse-
quently, when T varies, two non trivial urves never ross.
On the other hand, we nd it more onvenient to analyze the equation
(8), by making a hange of variables u(t) = αw(βt) , where
α = (
n− 2
n
)
n−2
4
and β =
n− 2
2
.
This hange transforms (21) into the equation
d2
dt2
w − w + w n+2n−2 = w′′ + g(w) = 0. (23)
If w(t) is a solution of (22), then the Hamiltonian energy
E(t) =
w′2(t)
2
− w
2(t)
2
+ (n− 2)w
2n
n−2 (t)
2n
=
w′2
2
+G(w)− 1
n
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is independent on t . Note that the onstant solution w(t) = 1 has energy
E1 = − 1n , whih is the smallest value that E an take. Denote by wb the
solution of (22) whih has w(0) = b > 1 and w′(0) = 0 . Then,
E(b) = −b
2
2
+ (n− 2)b
2n
n−2
2n
= c− 1
n
is the energy of this solution . If
1 < b < b0 where b0 =
1
α
satises E(b0) = 0 , then wb(t) is a positive,
periodi funtion of t , osillating around the value 1 , we have
G(w) =
∫ w
0
g(u)du ≥ 0 satisfying G(a) = G(b) = c,
where a belongs to the interval [0, 1] . Hene, we get the expression of the
period
T (c) =
√
2
∫ b
a
dw√
c−G(w)
Then, to omplete the proof of Proposition (2-4), we also need the fol-
lowing result of Chow and Wang.
Lemma (2-6)
The minimal period T (c) of a (periodi, positive) solution uc of the equation
(22) is a monotone inreasing funtion of its energy, when c ∈ [0, 1
n
]
Chow-Wang [C-Wa℄ also have alulated the derivative of the period fun-
tion, and have found the expression of the derivative
T ′(c) =
1
c
∫ b
a
g2(w)− 2G(w)g′(w)
g2(w)
√
c−G(w)
dw.
To prove the preeding Lemma, we need their following result (see orollary
(2-5) in [C-Wa℄)
Lemma (2-7)
Consider the hypothesis on the smooth funtion g g(1) = 0 , g′(1) < 0 ,
we suppose in addition that
H(x) = g2(x)− 2G(x)g′(x) + g
′′(1)
3g′2(1)
g3(x) > 0,
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for all x ∈ [0, b0], . Then, T ′(c) ≥ 0 for all c ∈ [0, 1n ] .
Moreover, they show that under the onditions,
g′′(x) ≥ 0 and ∆(x) = (x− 1)
[
g′(x)g′′(1)− g′(1)g′′(x)
]
≥ 0
the funtion H(x) satises the previous Lemma (2-7) (that is the orollary
(3-1) in [C-Wa℄).
Now, we apply these results to the funtion
g(x) = −x + xn+2n−2 .
So we get obviously
g′(1) =
4
n− 2 , g
′′(1) =
4(n+ 2)
(n− 2)2 ,
then we alulate
∆(x) = (x− 1)
[
(
(n+ 2)
(n− 2)x
4
n−2 − 1)− 4(n+ 2)
(n− 2)2 (
4
n− 2x
6−n
n−2 )
]
,
and we nd
∆(x) =
4(n+ 2)
(n− 2)2 (x− 1)
[
(x
4
n−2 − 1) + 4
n− 2x
6−n
n−2 (x− 1)
]
,
whih is positive.
8.2 Proof of Theorem (4-3)
To prove this Theorem, we onsider a loal hart in this produt manifold,
where the loal oordonates in this hart are (x0, x1, ...., xn−1), and x0 = t
is the oordinate orresponding to the irle fator S1. We an write any
metri tensor in the onformal lass [g0] : g¯ = u
4
n−2 g0, where the C
∞
funtion u is dened on the irle. Then we obtain the expressions in the
loal oordonates system
g¯00 = u
4
n−2 , g¯0i = 0, g¯ij = u
4
n−2 (g0)ij, (24)
where i, j = 1, 2, ..., n− 1.
For the following, we refer to Kobayashi-Nomizu [K-N℄.
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We get the Christoel symbols Γ¯ijk assoiated to the metri g¯. They are
dened by the expression
Γ¯ijk =
1
2
g¯il
∂g¯jl
∂xi
+
∂g¯il
∂xj
− ∂g¯jk
∂xl
).
Then, we obtain
Γ¯0jk = −
2
n− 2
u′
u
g¯jk, Γ¯
i
j0 =
2
n− 2
u′
u
δ¯ij, Γ¯
0
00 =
2
n− 2
u′
u
and Γ¯i00 = 0
The Rii tensor omponents are
R¯ij = Rij − 2∇iju
u
+
2n
n− 2
∇iu∇ju
u2
− 2
n− 2
| ∇u |2 +u∆u
u2
gij.
We have
R¯0i = 0, R¯00 = 2n− 1
n− 2[
u′′
u
+
u′2
u2
].
The assoiated salar urvatures are
R(g0) = (n− 1)(n− 2) and R¯(u
4
n−2 g0) = n(n− 1).
So, the trae of the Rii tensor gives the Yamabe equation
g¯ijR¯ij = R¯ = u
−4
n−2 (R +
4(n− 1)
(n− 2)
∆u
u
),
and the funtion u satises the above equation
u′′ − (n− 2)
2
4
u+
n(n− 2)
4
u
n+2
n−2 = 0.
The ovariant derivative of the Rii tensor gives
DkR¯ij = ∂R¯ij
∂xk
− Γ¯likR¯lj − Γ¯ljkR¯li,
where D denotes the riemannian onnexion assoiated to the metri g .
In partiular we get
D0R¯00 = dR¯00
dt
− 2Γ¯k00R¯k0.
Thus, we obtain
D0R¯00 = 2n− 1
n− 2
u′′′
u
+ 2
n+ 2
n− 2
u′u′′
u2
− 4u
′3
u3
.
By omparison with (2-4), u should be a periodial funtion. So, we dedue
that, if the funtion u is non onstant, then
D0R¯00 6=0.
The Rii urvature of the pseudo-ylindri metris is not parallel, exept for
the ylindri one.
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8.3 Proof of Theorem (6-1)
Consider the orbits of the autonomous system assoiated to the equation (8)
u′2 = (
n− 2
2
)2
[
u2 − u 2nn−2
]
+ c¯ (25)
these orbits are losed only if the energy onstant satises the following
ondition
− 2
n
(
n− 2
2
)2(
n− 2
n
)
n−2
2 < c¯ < 0. (26)
In onnetion with the energy onstant c , used in the proposition (2-4), we
obtain the relation
c¯ = −2αβ2c = −(n− 2)
2
2
(
n− 2
n
)
n−2
2 c,
where the onstants are as above α = (n−2
n
)
n−2
2 and β = n−2
2
(we re-
all that the onstant c must varying in the interval [0, 1
n
]).
We remark that for the n-values n = 4 or 6 , all the orbits are ellipti urves,
whih may be parametrized only by 2-periodi meromorphi funtions (i.e.
ellipti funtions).
More exatly, a diret alulation gives the expliit solutions, for n = 4
uc¯(r) =
1√
2− c¯2 dnc¯(
r + β√
2− c¯2 ) (27)
where dnc¯ is the ellipti Jaobi funtion
dnc¯(x) = 1− c¯
2
2
x2 +
c¯2(4 + c¯2)
6
x4 + ...
of real period
T (c¯) = 2
√
2− c¯2
∫ π/2
0
dθ√
1− c¯2 sin2 θ .
These Jaobi funtions dnc¯(r) satisfy the dierential equation
(
d
dr
dn)2 = (1− dn2)(dn2 + c¯2 − 1)
with dnc¯(0) = 1 , Whittaker-Watson [W-W℄.
We obtain analogous results for the ase n = 6 , where the solution
may be expressed in terms of the Weierstrass funtion ℘(r). We reall the
equation satised by the Weierstrass funtion
℘′2(r) = 4℘3(r)− g2℘(r)− g3,
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and its expression is
℘(r) =
1
r2
+
∑
0<p
ap(g2, g3)r
p.
In partiular we dedue that, r2℘(r) is an entire funtion in an elementary
parallelogram of periods. Then, it is bounded.
So, we get the following relation
uc¯(r) =
1
3
− ℘(r + β; g2, g3), (28)
where g2 =
4
3
and g3 whih depends on the parameter c¯ : (g3 = − 827 − c¯)
satises the ondition g3 > −(23)3.
This latter inequality, orresponding to the (25), insures us that the funtion
℘(r) has a real period. Furthermore, if r = 0 is a singular point, then we
an take the value β = 0.
It is known that this ellipti funtion has a double pole at the origin and two
zeros (in a elementary parallelogram of periods). Thus, its derivative has 3
zeros and a pole of order 3, [W-W℄.
Moreover, it is known when r inreases in the interval ]0, T
2
[, then the
Weierstrass funtion ℘(r) dereases monotonially in ] +∞, ℘(T
2
)[. So, we
obtain expliitly for n = 6
r2u(r) ≤ T 2u(T
2
).
Also, for the dimension n = 3 or n = 4, we get an analog
r
n−2
2 u(r) ≤ T n−22 u(T
2
).
Examine now the general ase: to study the integral urves of our equa-
tion (24) and their algebrai nature; it seems that it will depend on the parity
of the dimension. For this, we onsider separately two hypotheses onerning
the parity.
(i) Suppose that the dimension n takes an odd value n = 2p + 1.
Using the hange of funtion
u = v−
n−2
2 ,
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we get u′2 = (n−2
2
)2v−nv′2 and, after the replaement, Equation (24) be-
omes
(
n− 2
2
)2v−nv′2 = (
n− 2
2
)2[v−(n−2) − v−n] + c¯ ,
and we obtain the analogous equation for v
v′2 = v2 − 1 + ( 2
n− 2)
2c¯ vn . (29)
By referring to the geometry of algebrai urves (Shafarewith [Sh℄, for any
odd value n 6= 3 , the integral urve of this equation is known to be repre-
sented by a hyperellipti urves. Whose oordonates are onneted by the
algebrai relation
F (x, y) = y2 − x2 + 1− ( 2
n− 2)
2c¯ xn = 0 .
Under ondition (26) on c¯ , the integer p is preisely the genus of suh
urves if the polynomial P (x) = x2 − 1 + ( 2
n−2)
2c¯ xn is without multiple
roots. Otherwise, the genus fails (whih orresponds to the extremal values
of c¯ ).
Moreover, as we may easily remark, the urve is ellipti only for the value
n = 3 . For this partiular ase, we get the equation
(a) v′2 = v2 − 1 + 4c¯ v3.
This equation has a ellipti funtions as solutions. More exatly, under the
ondition (26) on c¯,
− 1
6
√
3
< c¯ < 0
we get the solution
vc¯(r) =
1
c¯
[℘(r + β; g2, g3)− 1
12
],
where ℘ is the Weierstrass funtion relative to g2 =
1
12
and g3 = c¯
2 − 1
216
.
This funtion has two simples zeros in an elementary parallelogram of pe-
riods, one of them is real. We hoie β suh that wp(β) = 1
12
. So, we get
vc¯(0) = 0. We dedue that the funtion uc¯ = v
− 1
2
c¯ has a pole of order
1
2
.
Otherwise, for any odd value of the dimension n > 3 , the orresponding
integral urve of (29) does not admit a parametri representation in terms of
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meromorphi funtions, beause it has genus p > 1 .
Equivalently, the algebrai relation F (x, y) = 0 annot be uniformized by
meromorphi funtions in the nite plane. In fat, this urve may be uni-
formized
x = A(r) ; y = B(r),
where A and B are automorphi funtions whih are meromorphi but have
only a restrited domain of existene with a natural boundary.
(ii) - Now, onsider the ase where the dimension n takes an even
value. This seems to be harder than the latter ase; in partiular determining
the genus of the integral urve is less easy. We use a more appropriate hange
u = v−
n−2
4 ,
we get
u′2 = (
n− 2
4
)2v−
n+2
2 v′2
and the equation (24) beomes
(
n− 2
4
)2v−
n+2
2 v′2 = (
n− 2
2
)2[v−
n−2
2 − v−n2 ] + c¯,
then we dedue the analogous equation for v
v′2 = 4v2 − 4v + ( 4
n− 2)
2c¯ v
n+2
2 . (30)
To know the algebrai nature of the integral urve of this equation, we
proeed as before. Remark that, for the values n = 4 or 6 , the assoiated
integral urve for this equation is an ellipti one (here the genus is p = 1 ) .
However, these two ases have been treated before.
Otherwise, for any even value n ≥ 8 , the integral urve of (29) is a hyper-
ellipti one, if its seond member is without multiple roots.
The genus p of this urve depends on the parity of n
2
; it is
[
n
4
]
, the
integer part of
n
4
.
It was proved in [Sh℄, that the ase where the polynomial P has even degree,
redues to that of odd degree.
Moreover, this transformation preserves the genus. For this reason the urves
orresponding to n = 4 and 6 have genus p = 1, likewise for those orre-
sponding to n = 8 and 10 , whih have genus p = 2 , and so on.
Generally speaking, every integral urve of (28) and (29) admits 2p abelian
periods. One of them is real, and this one is interesting for our problem.
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On the other hand, exept for the ases n = 3, 4 and 6 , the general solution
of the equations (29) and (30) may be expressed in terms of automorphi
funtions. These funtions may be regarded as a parametri representation
of the orresponding integral urves.
It is known that this solution is an automorphi funtion of a Fuhsian group
of the rst kind, all of whose homographi substitutions are hyperboli. The
fundamental region (for the same genus p) is ontained in the interior of the
limit irle.
Notie that every limit point is neessary an essential singularity for any (non
degenerate) solution.
In general, it seems to be very diult to obtain expliit formulas, the theory
of ellipti funtions is rather exeptional.
8.4 Proof of Theorem (7-3)
To prove this, we need the asymptoti property of these metris. In parti-
ular, the estimate (20) play an essential role.
Notie that, this manifold (Sn − Λk, g¯) is loally onformally at. The
ondition of onstant salar urvature implies that its Riemannian urvature
is harmoni. We get the onverse only for the dimension n = 3 .
We proeed as in the proof of Theorem (4-3 ). Consider a loal hart
(t, ξ) of a point in Sn − Λk , here t = x0 and ξ = (x1, x2, ..., xn−1) .
In this loal oordonates system, we obtain the omponents of the tensor
metri
g¯00 = u
4
n−2 , g¯0i = 0 , g¯ij = u
4
n−2 (g0)ij.
The Christoel symbols Γ¯ijk assoiated to the metri tensor g¯ are
Γ¯ij0 =
2
n− 2
1
u
[
∂u
∂xj
+
∂u
∂xi
δij ] Γ¯
0
00 =
2
n− 2
1
u
∂u
∂t
Then we get omponents of the Rii tensor
R¯0i = −2∇i0u
u
+
2n
n− 2
1
u2
∂u
∂xi
∂u
∂t
,
R¯00 = 2n−1n−2 [ 1u∂2u
∂t2 + 1
u2
(∂u
∂t
)2].
D denotes the Riemannian onnexion assoiated to the metri g¯.
Considering now Lemmas (6-2) and (6-3) whih imply that
∂u
∂xi
= e−αt
∂v
∂xi
and ∇i0u = −αe−αt ∂v
∂xi
+ e−αt
∂2v
∂xi∂t
.
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Reall that v = v(t, ξ) is a bounded funtion, and α is a positive
onstant.
Thus, we an write
R¯0i = e−αtf(t, x1, x2, ..., xn−1)
where f is bounded .
Consequently, we may alulate the omponents of the ovariant deriva-
tive
D0R¯00 = 2n− 1
n− 2
uc
′′′
uc
+ 2
n+ 2
n− 2
uc
′u′′
uc2
− 4uc
′3
uc3
− e−αtg(t, x1, x2, ..., xn−1)
where g is a bounded funtion.
Therefore, sine t is large, we onlude that
D0R¯00 6=0.
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